Decompositions of group functions with applications to two-rail cascades  by Yoeli, Michael & Turner, James
INFORMATION AND CONTROL 10, 565-571 (1967) 
Decompositions of Group Functions with 
Applications to Two-Rail Cascades* 
~'IICHAEL YOEL[ 
Faculty of Electrical Engineering, Technion, Haifa, Israel 
and 
Mathematical Sciences Department, Stanford Research Institute, Menlo 
California 94025 
AND 
JAMES TURNER 
Park, 
Mathematical Sciences Department, Stanford Research Institute, 
Menlo Park, California 94025 
Consider functions from some finite nonempty set X into some finite 
semigroup S. Let X m denote the ruth Cartesian power of X. A notion of 
decomposability of functions f: X "~ -* S into functions from X into S is 
defined. Necessary and sufficient conditions for the decomposability 
of f are derived in the special case where S = S~ or $4, the symmetric 
groups on three and four objects, respectively, and X = {0, 1}. These 
results are applied to show that any two-output combinational 
switching network is realizable by a two-rail cascade. 
I. INTRODUCTION 
Let (S, • ) denote some finite semigroup. We shall consider functions 
from finite nonempty  sets into S (semigroup functions). Given two such 
functions f i :X~ --~ S, ( i  = 1, 2), we define their composition f = f l  o f  2 
as the funct ion f: X1 X X2 -~ S given by: 
f (x l ,  x2) = f l (z l ) ' f2 (x2) ,  (xl, x2) E X1 X Z2.  (1) 
Consider now a function f :  X ~ --~ S, together with an integer function 
k : In  --~ In ,  where I,, = {1, 2, . . -  , n} and n ~ m. We define f x as the 
funct ion f~:X  TM --~ S given by f~(x l ,  . . .  , xm) = f(x~(1), . . .  , xx(~)), 
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for all (xl , • • • , xm) C X m. We c~ll a function f :X  m --~ S n-decomposable 
over S if there exist functions f~:X ---+ S, i = 1, . . .  , n, n >-> m, and 
},: Iv --* Ira, such that f = (fl o . . . .  f~) x. 
In this paper (Secs. II, I I I )  we consider the special cases where S is 
the symmetric group on three or four elements and X is a two-element 
set. We derive necessary and sufficient conditions for f to be decompos- 
able. 
In Sec. IV we show that these results are applicable to modern switch- 
ing theory, n~mely the synthesis of two-output, two-r~il cascades. 
Let G be some finite group and H a normal subgroup of G.  With a 
functio n f: X --+ G, we associate the function f /H :  X -~ G/H  given by 
f /H(x )  -- f (x )H  = Hf (x ) ,  all x C X. 
Clearly, if f :X  m ~ G is n-decomposable, so is f /H .  
In Secs. I I  and II I, Sn and A~ denote, as usual, the symmetric and 
alternating roups, respectively, on the symbols 1, . . .  , n. Also, we set 
X = {0, 1}. In this p~per we derive the following two results: 
THEOREM 1. Let f be a function from X 2 into $4. I f  f /A4 is decomposable 
over $4/A4, then f is 4-decomposable over $4. 
TaEOaEM 2. Let f be a function from X ~ into $4, m >= 3. : / f  f /A4  is 
decomposable over $4/A4, then f is tc,~-deeomposable ov r S4, where k~ = 
3(1~_~ + 1) with k2 = 4. ! ...... 
Theorem 1 is essentially the same as Theorem 4 in Yoeli (1965). 
The proof given here is different. Theorem 2 is a generalization of 
Yoeli's Theorem 5 (op. eft:). 
Let K4 denote the Klein 4-group. Since $4/K4 _~ $3 and A4/K4 ~ A3, 
S~, and A4 in Theorems 1 and 2 can be replaced by S~ and A3. 
II. PRELIMINARIES 
A function f :X  --~ G is normalized if f (0)  = e, where e denotes the 
identity of G. 
PROPOSITmN 1. Let f = fl . . . .  o f~ , where the f ~ are functions from 
? 
X into G. Then there also exists a decomposition f~' . . . .  o f~,  where the 
I 
f~ are again functions from X into G, and f2'," • •, f t are no~:malized. 
Proof. We use induction on n. The case n = 1 is trivial. If n > 1, 
° f* - i  f~ w}mre f~(  )f~ we have f = f lo . . . . .  f,~ = fl . . . . .  f~=2 o , -i 0 
is normalized and f*_l = f~-lf~(O). The notation f~l(o) denotes the 
inverse Of the group element f~(O)~nd will :be used thro~ighout the 
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paper. By  applying the induction hypothesis to fl o " -o f  n-2 of*-1 
we obtain the required decomposition. 
PROPOSITION 2. Let G be an ( additive)Abelian group. Then a function 
f :X  m -~ G is decomposable over G iff there exist elements gl C G, 0 <- i <- m, 
such that always f (x l ,  . . . ,  x,~) = go + ~i~1 xigi. 
Prooi. The "if" part  is evident. Assume now that  f is decomposable 
over G. Since G is commutative, f will have a decomposition of the form 
f = J'l . . . . .  f~.  By Prop. 1, f2, " '" , f~ may be assumed normalized, 
i.e., f2(0) . . . . .  f~(0) = 0. Hence, Eq. (1) holds for go = f~(O), 
g~ = f~(1) - f~(O), and g~ -- f~(1), 2 _-< i < m. 
PROPOSITION 3. Let s C A4. Then there exists a permutation t ~ $4 
such that t ~ st, i.e., t and st are conjugate. 
Proof. If  s = e, t is arbitrary. I f  s e A4 - K4, let t = s. Then st = 
t 2~t . I f sC  K4-  e, Ie t t~ K4-  {e ,s} .ThenstC  K4-e , i .e . , s t~t .  
PROPOSITION 4. Let s C A4, t C A4, and s ~ t in $4. Then s ~ t 
in A4 iff s -- t (mod K4). 
Proof. Since $4/K4 ~ $3, there exists a homomorphism v:Sa --~ $3 
with K4 as kernel. Assume now u-~su = t, s, t C A4, u C $4. Then 
(vu) - l (~s) (vu)  = vt, where vs ~ v(A4) = A3, and vt ~ A3. Now 
vu C A3 implies vs = yr. On the other hand, if there is no u C A4, such 
that  (vu) - ' (vs) (vu)  = vt, then vs # yr. Hence, u C A~ iff s ~ t (mod K4). 
I I I .  PROOF OF MAIN RESULTS 
Proof of Theorem 1. Let f be a function from X 2 into $4, and assume 
that  f /A4 is decomposable over $4/A4. Let z:S4 --~ X be given by 
z(A4) = 0, z(S4 - A~) = 1. I t  follows from Prop. 2 and the decom- 
posability of f /A4 that  
(Tf(Xl, X2) = C0 @- ClXI + C2X2, (2) 
where + denotes addition rood 2 and the c~ are binary constants, i.e., 
c~ X.  
We shall now show that  there exists a decomposition 
f=  (fl o f2o f3o f4) x, . . 
where f2, fa, f4 are normalized, and X(1) = X(3) = 1, X(2) = X(4) = 2. 
Thus, 
f (x~ , x~) = f~(xdA(x~)A(xdf~(x~) .  ~ (a)  
568 YOEL I  AND TURNER 
We now setf - l (x i ,  0)f(xi, 1) = w(xi). By Eq. (2), Cw(xl) = af(xl, O) 
W af(xi, 1) = ca. For Eq. (3) to hold we must have 
= f3 (xl)f~(1)f3(x~)f4(1); (4) 
i.e., 
w(0) = ~(1)~(1),  
w(1) =f~(1)~(1)~(1)~(1) .  
EHminating ~(1) from Eq. (5), we obtain 
w(1)w-~(o)f~(1) = fT~(1)&(1)~(1) 
(5) 
(6) 
or  
w( 1)w-~(0)f~(1) ~ f~(1). (7) 
Since a[w(1)w-l(0)] = aw(1) + aw(0) = 0, Eq. (7) can be solved for 
f:(1) by Prop. 3. Now, fa(1) follows from Eq. (6), and f4(1) from Eq. 
(5). Finally, Eq. (3) yields fl(0) and f1(1). This completes the proof 
of Theorem 1. 
There are examples of functions atisfying the conditions of Theorem 
1 which are not 3-decomposable. 
Proof of Theorem 2. We use induction on m > 2. The case m = 2 is 
proven by Theorem 1. Assume the theorem is true for values less than 
m > 2. Let f: X m -~ $4, and assume f/A4 is decomposable over $4/A4. 
As in Eq. (2), we have 
m 
~f(x~, . . .  , x~) = co + ~ cix, (S) 
i=1 
for suitably chosen binary constants co, .-" , c~. We shall show that 
there always exists a decomposition of f of the following form: 
3 
f(xl ,  " " ,  x,~) = IXFd~)fdx,,,), (9) 
i=1 
where • = (xl, . . .  , x~-l), the Fi are decomposable over S~, and the f~ 
are normalized. We set 
f-l(Z, 0)f(~, 1) ---- w(2). 
Equation (9) implies that 
w(~)f~'~(1) = F~(2)F~(~2)f~(1)F2(.~)f2(1)F~(~). (10) 
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We have zw(2) = zf(.~, O) + zf(2, 1) = c~. If c~ = 0, we serf3(1) = e; 
and if c~ = 1, we set, say, f3(1) = F I (1)  = (12). Thus, always 
z[w(2)f~-l(1)] = 0, i.e., w(2)f3(1) C A4. 
In order to solve Eq. (10), it suffices to solve 
w(2)f3(1) ~ F~l(2)f~( 1)F2(2)f2(1) (11) 
in A4. Indeed, Eq. (11) implies that there exists a function F3:X m-~ ~ A4 
satisfying Eq. (10). Then F3 is k~_~-decomposable ov r $4 by induction 
hypothesis. 
In order to solve Eq. (11), we set, say, fl(1) = f2(1) = (12) and 
consider the set 
Q = {s-~(12)s(12):s C A4}. 
Q includes the subset {e, (12) (34), (123), (132)}, i.e., Q includes at 
least one representative of each coset of K4 in A4. Hence, for every 
t ~ A4 there exists a q C Q (namely, any dement of the same K4 coset 
as the coset of t) such that t ~-~ q in $4 and t ~ q (rood K4). By Prop. 4, 
it follows that t --~ q in A4. Thus, there exists a function F2:X "-~ -~ A4 
satisfying Eq. (11). Then F2 is/c~_1-decomposable ov r $4, again by the 
induction hypothesis. Finally, we determine F1 from Eq. (9). Since 
f /A4, F2/A4, and F3/A4 are all decomposable, it follows that F1/A4, 
and consequently ['1, are decomposable. Since the F~ are km_~-decom- 
posable, f is k~ = 3(k,~_1 -t- 1)-decomposable by Eq. (9). Theorem 2 is 
thus proved. 
There are examples of decomposable functions f: X "~ --~ S~, m >= 3, 
which do not have decompositions of the form f (x)  = II~=l Fi(~)fi(x,~) 
with decomposable Fi.  
THEOREM 3. Let f :X  TM --+ K4, m >= 3. Then f has a decomposition 
over A4 of the form 
2 
f(x , . . . ,  = I I  (12) 
i=1 
where the f~ are normalized, F i :X  ~-1 --~ K4. 
Proof. Let w(~) = f-~(~, 0)f(~, 1) and let Q = {s-~(123)s(132): 
s ~ K4}. Then Q =/ (4 .  Using Eq. (12), we may write 
w( ~) = F~(~2)f~(1)F2( ~)f2(1). (13) 
But w(2) C K4; therefore, Eq. (13) has a solution F~:X m-~ --+ K4 if 
we set f~(1) = (123), f~(1) -- f~(1)  = (132). Solving Eq. (12) for 
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F1, we obtain 
F~(~) = f(x)~'2-~(x,~)F[~(2)f-~(x,~)]. (14) 
Since K~ is a normal subgroup of A4 and f~:X --~ A4, the bracketed 
expression i  Eq. (14) is also in K4. Hence, F1: X ~-1 -+ K4. 
COROLLARY 1. I f  f :X  ~ --+ K4, m >= 3, then f is l~-decomposable over 
A4, where l,~ = 2 m ~ 2 ~-~ - 2. 
Proof. From Eq. (12) one can see that the l~ satisfy the recursion 
relation l~ = 21~_~ - 2. For m = 3, l~ = 10, by Theorem 1. Thus, the 
solution to the recursion relation is l~ = 2 ~ ~- 2 ~-~ - 2. 
IV. TWO-RAIL CASCADES 
Modern integrated circuit technologies have motivated extensive 
research into cascaded cellular switching networks (see Minnick, 1964; 
Short, 1965; Yoeli, 1965). In this section we demonstrate the applica- 
bility of Theorem 3 to the synthesis of (two-output) two-rail cascades. 
For an arbitrary nonempty set Y, let T(Y)  denote the full transforma- 
tion semigroup on Y. By a (binary)two-rai l  cascade H of length n >= 1, 
we mean a sequence of n functions h i :X  --~ T(X2) ,  i = 1, • • • , n. With 
the cascade H we associate the function H:  X ~+2 --~ X 2, defined as fol- 
lows:  
H(x l ,  -. .~x~+2) = [(hl . . . . .  h~)(xl , . . .  , x~)](x~+l, x~+~). 
A function F :X  m --~ X 2, 1 <= m <= n -~ 2, is realizable by H, if there 
exists an integer function k:I~+2 --~ Im such that F ~ H x. 
We have 
THEOREM 4. Every function F :X  TM ~ X 2, m >= 3 is realizable by a 
two-rail cascade of length at most 3.2m -1 -- (m -t- 8). 
Proof. We use induction on m. The case m = 3 is trivial. Let m > 3. 
Consider the set 
Q(F)  = {[F(2, 0), F (2 ,  1)]:2 -- (x~, . . . ,  x~_~) C X"-~}. 
We denote its cardinality by I Q(F)  I. I f  I Q(F)  I <= 4, then there exists 
(cf. Ashenhurst, 1957) a function Fo:X ~-~ --> X 2 together with a semi- 
group function h:X  --~ T (X  2) such that always F(x l ,  . . .  , x~) = 
[h(x~,)]Fo(2). By the induction hypothesis, F0 is realizable by a two-rail 
cascade of length at m0st 3.2 ~-2 : "  (m -t- 7). Hence, F is realizable by a 
two,rail cascade of length at most 3.2 ~-2 -- (m -t- 6). 
. . . .  onX by  s~(F(x, 0 ) )= I f  ]Q{F)]  > 4 define a permutation S~ ~ - (0, 0) 
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and choose the images of the remaining three elements of X 2 so that 
s~ C K4. Then, define f :X  '~-1 ---+ K4 by f (2)  = s~. Let 
F ' (x l ,  . . . ,  x~) = [f(~)]F(xl, . . . ,  xm). 
Thus, 
F(xx,  " " ,  x,~) = [ f - l (2)]F ' (x l ,  . . . ,  x~). 
We have I Q(F ' )  ] < 4. Since F '  is realizable by a two-rail cascade of 
length at most 3.2 m-2 -- (m + 6) and f-1 is /re_l-decomposable by
Corollary 1, it follows that F is realizable by a two-rail cascade of length 
at most 3.2 m-1 - (m + 8). 
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